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A method has been developed to determine the association constant for a heterogeneous association of the type A+ B + AB. This 
method requires knowledge of the two initial concentrations and of the resulting weight-average molecular weight for each data point. 
Computer simulations using Gaussian-distributed error on the measured parameters show that the researcher can readily determine 
whether the particular concentration range chosen is appropriate for the strength of binding and therefore how reliable the calculated 
constant might be. It is also shown that errors in measuring molecular weight have, in general, a more profound effect than do errors 
in concentration. 

1. Introduction 

The study of reversibly interacting heteroge- 
neous macromolecular systems has not received 
the same amount of attention as have homoge- 
neous self-associations. In 1954 Steiner [l] did set 
forth the basic principles for light scattering and 
in the late 1960’s and early 1970’s Adams looked 
at the theory of heterogeneous interaction for 
several experimental techniques, osmotic pressure 
[2], ultracentrifugation [3,4] and light scattering 
[5]. In the same time frame, Nichol and Ogston [6] 
and Chun and Kim [7] also investigated the theory 
for the ultracentrifuge as did Aune and co-workers 
[S-lo] in the late 1970’s and early 1980’s. Ackers 
[ll], Nichol et al. [12] and, very recently, Cann 
and Winzor [13] have set the foundations for 
similar analyses using analytical gel chromatogra- 
phy under very specialized conditions. 

Correspondence address: J.K. Zimmerman, Department of 
Biological Sciences, 132 Long Hall, Clemson University, Clem- 
son, SC 29634-1903, U.S.A. 

Very recently, several investigators have begun 
to look again at heterogeneous systems using the 
analytical ultracentrifuge [14-191. This renewed 
interest in heterogeneous association properties 
has arisen from realizations similar to those of 
Donald Brown [20], “Developmental control of 
genes is going to boil down to some very mundane 
biophysical principles. It’s going to involve the 
concentrations of activator versus repressor mole- 
cules. It’s going to involve cooperative influences 
between molecules and binding constants of pro- 
teins to each other and to DNA.” Similar conclu- 
sions are drawn by Ptashne [21], Lenardo et al. 
[22], and in a summary by Robertson [23] of a 
recent Institute of Genetics meeting. 

Not all interacting macromolecular systems are 
suited for study by sedimentation equilibrium 
which is quite time consuming. Many of these 
systems could be more easily studied by methods 
such as low-angle laser light scattering. We have 
developed an analytical method which would be 
especially useful for, but not limited to, light 
scattering measurements. The method examines 
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the interaction of a one-to-one complex of two 
macromolecules. 

2. Method 

2.1. Fitting method 

The method analyses a three-dimensional 
surface for the association constant. The three 
dimensional surface uses the total concentration 
of species A (A,) and B (B,,) for two axes and the 
weight-average molecular weight (M,) for the 
third. We have used, as our primary method of 
fitting K, a Gauss-Newton routine from a pro- 
gram provided to us by Dr. M. Johnson (Univer- 
sity of Virginia). It requires two user-supplied 
subroutines. This system was restricted to physi- 
cally meaningful (K > 0) values by defining a 
variable Q as ln K, rewriting the appropriate 
equations substituting exp(Q) for K and making 
use of the relationship KdQ = dK. The two user- 
supplied subroutines calculate the difference in 
the observed and theoretical values as well as 
values for the derivative of the function (see ap- 
pendix A). We have verified the results from the 
Gauss-Newton analyses in selected examples using 
a much less sophisticated Newton-Raphson routine 
(see appendix A). 

The derivation provided in appendix A ex- 
presses concentration in terms of mg/ml, the units 
most commonly encountered in the laboratory. 
The resulting association constant K is thus in 
units of ml/mg, which one can convert to molar 
units (K ‘) using the expression 

where MA, MB and MAB are the molecular weights 
of species A, species B and the complex, respec- 
tively. The result of the derivation in appendix A 
is a nonlinear equation with a single variable, K, 
to be fitted using multiple experimental points. 
Also, analytical expressions for the required de- 
rivative expressions are shown. Appendix B pro- 
vides the derivation of d K, which shows the sensi- 
tivity of a particular value of K to the various 
parameters in the system. 

2.2. Specific system simulated 

To test the system, computer-generated data 
sets were created covering a wide range of equi- 
librium constants and loading concentrations. 
Molecular weights of 90000 and 180 000 were 
chosen for species A and B, respectively, making 
the molecular weight of the resulting complex 
270 000. Equilibrium constants (association) 
ranged from quite weak (0.01 ml/mg, 6 X 10’ 
M-l) to moderately strong (100 mI/mg, 6 x lo6 
M-l). For each experiment listed at a particular 
concentration, the actual points consisted of a grid 
of values starting at 0.1~times the listed wncentra- 
tion and ranging to 0.9~times the listed wncentra- 
tion. Since this was done for both species A and 
B, the result was an Sl-point grid. In addition, 10 
equally spaced values for each A and B were 
added in the absence of the other species making a 
final grid of 101 points. The resulting ‘ideal’ 
weight-average molecular weights were then 
calculated. At this stage Gaussian random error of 
the specified standard deviation (1, 3 or 5% of the 
ideal value) was imposed on each of the wn- 
centrations and on each of the weight-average 
molecular weights using the NORMRAND func- 
tion of the SPEAKEZ language. These ‘experi- 
mental’ data were then used for analysis. 

3. Results 

3.1. Fit oj data 

Table 1 presents the results for fitting the 
simulated data under a variety of different wndi- 
tions. Table lA-E represents K values of 0.01, 
0.10, 1.0, 10.0 and 100 ml/mg, respectively. Each 
consists of 27 data sets, nine for each of the three 
concentration sets, 0.1, 1.0 and 10 mg/ml. These 
concentration entries are further grouped by the 
error imposed on concentration and each of these 
further grouped by the error imposed on molecu- 
lar weights. For each data set there are three 
values listed. The calculated value of K (middle 
entry) as well as the limits of K given by the 67% 
confidence surface (upper and lower entries in 
parentheses). It is these confidence limits that 
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Table 1 

Values of K obtained by surface analysis 

Concentrations Error on umcudration = 1% 
(mg/@ Error on M, 

1% 3% 5% 

Error on concmtration = 3% 
Error on M, 

1% 3% 5% 

Error on concentration = 5 46 
Error on M, 

1% 3% 5% 

(A) K = 0.01 d/q 
0.1 (0.2128) 

0.0174 
(O.OOOg) 

1.0 (0.04121) 
0.0243 

(0.0066) 

10.0 (0.0113) 
0.0092 

(0.0068) 

(0.4996) 
0.0081 

(0.0003) 

(0.0356) 
0.0003 

(ZE-5) 

(0.0154) 
0.0084 

(0.0028) 

(B) K - 0.1 ml/m8 
0.1 (0.233) 

0.067 
(0.001) 

1.0 (0.124) 
0.101 

(0.076) 

1.0 (0.104) 
0.099 

(0.094) 

(0.700) 
0.117 

(4E-4) 

(0.149) 
0.078 

(0.013) 

(0.107) 
0.092 

(0.078) 

(c) K=l ml/mg 
0.1 (1.16) 

(Fl, 

1.0 (1.05) 

(& 

10.0 (1.08) 

(& 

(1.36) 
0.73 

(0.13) 

(1.15) 
1.03 

(0.90) 

(1.21) 
1.01 

(0.84) 

(D) K = 10 ml/mg 
0.1 (10.3) 

,;;I 

(10.4) 
8.71 

(7.1) 

1.0 (10.7) 
10.1 
(9.4) 

(11.6) 
9.7 

W) 

10.0 (12.9) (25.1) 
10.4 11.2 
(8.3) (6.7) 

(1.1266) 
0.0023 

(O.oaO2) 

(0.1773) 
0.0516 

(2E-5) 

(0.0173) 
0.0069 

(3E-6) 

(1.432) 
0.323 

(1B4) 

(0.195) 
0.121 

(0.051) 

(0.149) 
0.120 

(0.095) 

(1.86) 
0.684 

(4E-4) 

(1.42) 
1.09 

(0.81) 

(1.36) 
1.02 

(0.78) 

(12.7) 

,;:: 

(12.9) 

(X) 

(71.9) 

(0.1599) 
0.0122 

(0.0007) 

(0.0254) 
0.0038 

(8B5) 

(0.0125) 
0.0010 

(0.0078) 

(0.153) 
0.012 

(0.001) 

(0.128) 
0.104 

(0.080) 

(0.105) 
0.100 

(0.094) 

(1.08) 
0.85 

(0.59) 

(1.06) 

(& 

(1.06) 
0.98 

(0.W 

(10.7) 
10.19 
(9.6) 

(10.6) 
9.7 

(0.9) 

(14.7) 
10.4 
(7.7) 

(0.5956) 
0.0016 

(O-0004) 

(0.0748) 
0.0098 

(2E-5) 

(0.0137) 
0.0081 

(0.0028) 

(0.454) 
0.210 

(0.009) 

(0.159) 
0.095 

(0.039) 

(0.113) 
0.0% 

(0.079) 

(1-W 
1.07 

(0.34) 

(1.17) 
1.02 

(0.88) 

(1.23) 
0.97 

(0.77) 

(12.0) 
10.23 
(8.5) 

(11.1) 
9.02 

(7.3) 

(28.9) 
12.9 
(7.6) 

(1.0242) 
0.0018 

(0.ciQO2) 

(0.0469) 

,;kFkF 

(0.0203) 
0.0087 

(3E-6) 

(0.791) 
0.002 

w-4) 

(0.270) 
0.123 

(0.002) 

(0.130) 
0.102 

(0.078) 

(2.53) 
1.15 

(0.04) 

1.31 

(tt, 

(1.43) 
0.99 

(0.70) 

(13.6) 
10.27 
(7.5) 

(12.3) 
9.1 

(6.7) 

(38.4) 
9.1 

(4.1) 

(0.4465) 
0.1950 

(0.0018) 

(0.0298) 
0.0007 

(5E-5) 

(0.0134) 
0.0106 

(0.0079) 

(0.524) 
0.242 

(0.006) 

(0.130) 
0.099 

(0.069) 

(0.104) 
0.097 

(0.088) 

(1.44) 
1.15 

(0.83) 

1.05 
0.98 

(0.90) 

(1.12) 
1.02 

(0.91) 

W-0 
10.03 
(9.3) 

(11.1) 
10.1 
(9.0) 

(16.0) 
9.2 

(5.9) 

(0.3741) 
0.0019 

(0.0002) 

(0.0696) 
0.0008 

(3E5) 

(0.0191) 
0.0110 

(0.0036) 

(0.815) 
0.192 

(3E4) 

(0.182) 
0.111 

(0.045) 

(0.114) 
Q.097 

(0.081) 

(1.45) 

(:E:) 

1.19 
1.02 

(0.85) 

(1.20) 
0.97 

(0.79) 

(11.6) 
10.0 
(8.4) 

(12.5) 
10.2 
(8.4) 

(24.9) 
10.3 
(5.8) 

(1.6119) 
0.4865 

(0.0002) 

(0.0859) 
0.0005 

(2E-5) 

(0.0264) 
0.0134 

(0.0024) 

(0.895) 
0.0201 

(2E-4) 

(0.287) 
0.152 

(0.055) 

(0.130) 
0.102 , 

(0.077) 

(1.89) 
0.78 

(2E-4) 

1.31 
0.98 

(0.71) 

(1.41) 
1.02 

(0.74) 

(13.9) 
10.8 
(8.1) 

(15.5) 
10.5 
(7.2) 

(140.6) 
12.2 
(4.5) 

(contirnled overleaf) 
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Fig. 2. Contour maps. Same data sets as in fig. 1 but represented as a contour map. Contour levels differ by steps of 10000 in 
molecular weight. For ease of interpretation, a molecular weight level of 150000 is indicated by a flied diamond on each map. The 

thick dashed line in panel D represents a 1: 1 molar ratio transformed into a weight ratio. 
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really are the measure of the correctness of the fit. 
Several entries show that the data return values 
for the association constant quite close to the 
input value, but upon closer examination this 
closeness of fit is fortuitous. As would be ex- 
pected, high concentrations and high association 
constants give less reliable data showing up par- 
ticularly in the error on the upper limits while low 
concentrations and low association constants give 
low reliability particularly noticed in the lower 
error limit. Runs that were unreliable were those 
containing data where a very large majority of the 
points had at least one of the three components at 
a concentration less than the generated experi- 
mental error for the total concentration containing 
that species. 

3.2. Sensitivity of K to ‘experimental’ error 

Careful examination of table 1 shows that the 
effect of an error on the measured molecular 
weight has a larger effect than do errors in con- 
centrations. Appendix B shows the evaluation of 
d K as a function of error in the three independent 
variables M,, A, and- S,. We have verified the 
dominating effect of errors in M, by comparing 
the relative effects of the three terms in eq. Bl. 
Propagation of error analysis using these equa- 
tions also verifies that if the values for free A, free 
B or complex are below the percentage expected 
from the experimental error, the uncertainty of the 
final analysis becomes extreme. 

3.3. Surface maps 

Fig. 1 shows three-dimensional representations 
of experimental data for four cases. The total 
concentrations of species A and B are shown 
along the x- and y-axes and the weight-average 
molecular weight along the z-axis. Three-dimen- 
sional maps allow the viewer to visualize quickly 
and easily the overall shape of the surface and the 
magnitude of errors. Fig. 1A is one example of a 
data set for which a good fit was obtained; the 
association constant obtained was close to the 
input value and the confidence limits were close to 
one another (table 1C). Note the smoothness of 
the surface in comparison to fig. lB-D, where the 

fit of the data was poorer. Fig. 1A represents an 
interme’diate association constant and relatively 
large concentrations of each of the three species, 
as well as low errors on both molecular weight and 
concentrations (1%). The surfaces become more 
irregular as the errors on molecular weights and 
concentrations are increased to 3% (fig. lB), as 
association constants and concentrations are de- 
creased so that less of the complex is found (fig. 
lC), and as association constants and concentra- 
tions are increased so that less free A and B are 
present (fig. 1D). 

3.4. Contour maps 

Fig. 2 shows two-dimensional contour maps of 
the same data sets as in fig. 1. Shown along the x- 
and y-axes are the total concentrations of species 
A and B, while the molecular weight is repre- 
sented by the contour levels. Each map starts the 
contour levels at 90000, located along the x-axis. 
Contours levels increase by 10000 as indicated in 
the figure legend. If several of the measured M, 
values are larger than the greater of M, or MB, 
the contour maps allow one to estimate very 
quickly the stoichiometry (in weight ratios) of the 
complex even under circumstances where a K 
value cannot be determined. 

Fig. 2D is the only case illustrated that allows a 
determination of the stoichiometry of the com- 
plex. In fig. 2D a line has been drawn along the 
surface corresponding to 2 g B per g A. Since 
MA = 90000 and MB = 180000 this line corre- 
sponds to a 1: 1 molar ratio. Note that this line 
intersects all of the local maxima. Conversely, any 
line that is drawn through the maxima and the 
origin will have a slope that closely approximates 
the weight stoichiometry. If the concentrations of 
A,, and B,, were expressed as molar quantities the 
slope of this line would directly give a very good 
approximation to the molar stoichiometries. 

4. Conchsion 

A method is presented which analyzes an A,, 
B, and M, surface for an association constant. 
The limits of the system in terms of total con- 
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centrations, association constants and the effect of resentations facilitates analysis, one allowing for 
experimental error on the fit have been de- visual inspection of the ‘goodness of fit,’ while the 
termined. This analysis is not method-dependent other allows for visual inspection of the stoichiom- 
and requires only knowledge of A,, B, and M, at etry of the system. 
each point. The use of two different surface rep- ’ 

Appendix A 

For the system 

A+B*(AB)=C 

the association constant can be expressed, in units of ml/mg, as 

LetM,ofspeciesa=MI,ofb=A42andofc = M3, where M3 = MI + M2. The total concentration of 
species a (q,) and species b (b,,) can be expressed as 

M* b,=b+-c 
M3 

Let rr = MI/M3 and r, = M/M, 

a,, = a + r,ubK 

&,=b+r,ubK 

by definition 

M,(a,+b,,)=uM,+bM,+ubKM, 

Rearranging eq. Al, 

00 

‘= l+r,bK’ 
Substituting into eq. A2 

(Al) 
(‘43 

643) 

b,=b+ 
rzbKu, 

1 + r,bK 

b,, + b,r,bK = b + r1Kb2 + rzbKa, 

b2rIK+b[l+r,Ku,-b,r,K]-b,=O 

b_ -(1+r2Ku,-rIK7+,)+~(1+r,Ku,-rIKb,)2+4borIK 

2r,K 

Note that the only variable on the right-hand side is K. Let X = rzu, - r,b, and W = 1 + r,bK. Therefore 

b _ -(l + KX) f {(l + KX)2 + 4b,r,K 

2r,K 
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Let Q = ((1 + KX)2 + 4borIK)1’2. Now 

b- -(l+KX)fQ 
2r,K 

Rewriting eq. A3 

Define Y=M,,,(ao+bo), F=ao(M,+bKM,)/W+bM, and R=B(Y-F)’ 

dR -= 
dK 

-+(Y- j)g] =(I= G 

dF dF 
G=CYdK-ZFdK 

To use eq. A5 we must evaluate d F/d K and d2F/d K 2 

+ aobJ=f, + bM -- 
W 2 

I 

-a,M, dW 
=7=+ 

a,KM, db nob% -- 
WdK+ w 

aobK%g + M db 

W2 *dK 

(4 

(A51 

(A61 

Since W=l+r,bK, dW/dK=r,b+r,K’db/dK=r,(b+K.db/dK) and b=(-(l+KX)+Q)/2r,K 
(use only the plus option for physically meaningful parameters) 

de dQ - 
-1 KX Q 1 1 + =-+ dK -=- --~ - -- 

2r,K 2r,K 2r,K 2rIK2 2r,K 
Q -1-Q I dK 

2rIK2 2r,K2 2r,K 

Since Q = [(l + KX)2 + 4bor,K]‘/2 

32 dK = -&[l+ 2KX+ K2X2 + 4borIK]1’2 

+(2X+ 2KX2 + 4borI) 

= [l + 2KX+ K2X2 + 4b,r,K] 

= (1 + KX)X+ 2borI 

Q 

From eq. A7 

db 1-Q f (1+KX)X+2borl 

XC - 2r,K2 %KQ 

Substituting for dW/dK in eq. A6, 

dF 
dK= 

-“;~r’(~+K~)+~~+~_uobK$r+,~K~)+M,~ I 

= -“;yrl (b + Kg) + aoK%:: r#K) i; I %bM3$ r,bK) 

(-47) 

(A@ 
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$5 =&[ a.(M,-Ml44 (;$;12 j +M2$(g 

JX Zimmerman, M.L. Crowi-Powers/Heterogeneous macromokcuhr intemctions 239 

- 

-a,M,r,b a,M,r,K db a&K db aoM,r,bK2 db = 
w2 - w2 dK+yrdK+ w2 dK 

a&M3 +- 
a,b2M3r,K a,b’KM,r, 

w2 + w2 - w2 - w2 

-a,M,r,b 
+ 

4#43 a&qK db a&K db db = -- 
W2 w2 w2 dK+7dK+“2E 

649) 

db d2b 

db db - 
2r1bKdK + dK 2br Kdb 

* dK 2b2rl - -- -- 
w3 w2 w3 w3 

I 

+M2s 

db 
2dK 

db - K d2b 

=a,(M,-MlrI) - - 
4r,bKz + dK2 2b2r, -- -- 

w2 w3 W2 W’ W3 1 + M2-$ (AlO) 

To evaluate d2b/dK2 



240 J.K Zimmenrtrm, ML Cmwl-Pavers/Heterogeneous macmmdeenlar interactions 

d& 
-2 dK + 2Q X 

X32 
dK 

pd12 
dK 

bde b 

OdK =-__ ---_-----_- 
2r,K3 2r,P 2r,K3 2r,QK2 2rlKQ2 2r,Q2 KQ2 Qi2 

X2 + bo -+- - 
2qQ2 KQ2 1 

Q-l ‘[X+2&q] Q2 -I- XK+ K2X2 + 2b,,r,K =-- 1 
From q. A8 

dQ (1 + KX)X+ 2borl 
-= 
dK Q 

Therefore 

d2b Q- 1 [X+ 2b,-,r,] [(l + KX)X+ 2bor,] Q2 f XK+ K2X2 + 2b,r,K -=-- 
- dK= r,K3 2rlK2Q Q 2r,K2Q2 1 

For a Newton-Raphson analysis 

G and dG/dK are evaluated in eqs. A4 and A5. All the necessary terms have now been evaluated. 

Appendix B 

K= Mwbo+bohM,-bMz 

abM, 

M,b,+bo) ‘1 ‘z = 
ubM, -b - 0 

Therefore, the independent variables are a,, b, and M,,, 

dK=$ dh4 +zda 
W w aa, 0 xdb” +aK 

0 

The individual terms are 

aK ao+bo M,(ao + bo)bM, da M,,,(a, + b,)aM, db rl db rz da -=~- -- 
aMW abM, (L&M~)~ d”w (&MS)’ dM,+sdM,+FdM, 

?lK _M,_ M,(a, + b,)bM, da M,&,,+ b,)aM, db rl db r2 da 
- - abM, aa0 (abM3)’ da,- (abM,j2 dn,+Fdn,+>drr, 

aK Mw &(a, + b,)bM, da M,,,( u. + bo)d43 db r da -= -- 
ab0 ubM, (ubM,)2 dbo (&M,)’ 

5db+1-- 
db, + 6’ dbo a= dbo 
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Collected together 

dK= g db, 
0 1 

+$& dM,+g dao+$ dbo] 
w 0 

+*db 
’ db, ’ 1 

Define X= r,a, - r,b,; Q = \1(1 + KX)‘+ 4b,r,K 

dX 
da, = r2 

dX 
db,= -'l 

From appendix A 

b= -(l+KX)+Q 
2r,K 

dX dQ 
db -KG da, 

-= 
da0 2r,K + 2r,K 

dQ -= 
da0 

2K(l +KX)z /Q=(K(l+KX)r,)/Q 

- Kr2 K(l + KX)r, 
=2r,K+ ( %KQ 

,_~4+:40+=) 
2 rl 2 rl Q 

so that 

and 
dX dQ 

db -Kz& db, 
G= 2r,K +w 

g +4r,K /Q 
0 

= -K(-r,) + K[(l +KX)(-d+2rll 
2r,K 2GQ 

I+ [-l-KX+2] 
2 2Q 
1 l-KX z--+- 
2 2Q 
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so that 

_p[1+yE] 

- (1 + r,Kb, - r,Ku,) + \i(l + r,Kb, - F,K~*)~ + 4a,r,K 
a= 

2r,K 

Let X’=rIbo-rzaO= -X; dX’/da, = -rz; dX’/db, = r, and Q’ = [(l + KX’)’ + 4a,r2K]‘/2. There- 
fore 
a= -(l+KX’)+Q’ 

2r2K 

da -= 
dbo 

dQ’ 
2K(l+ KX’)s 

0 I -= 
db0 Q’ 

- Kr, 
=2r,K+ 

K(l + KX’)r, 
2r2 KQ’ 

_ -rl I  (1 +KX’b, 
2r2 2Q’r2 

da rl 
db,=2r, 

_l+ l+KX’ 
Q’ 1 
dQ’ 

da -K(-r2) da, 
+ 2r,K 

dQ’ -= 
-= duo 2r2K da0 

2K(l+ KX’) + $ + 4r2K /Q’ 
0 Ii 

_ -K(-r2) + K(l+KX’)(-r2)+2r2K 
2r,K 2r, KQ’ 

1 =-+ -(l+Kx’)+2 
2 2Q’ 

1 -l-KX’+2 =-+ 
2 2Q’ 

1 l-KX’ =-+ 
2 2Q’ 

da i --=_ 
da, 2 

l+ l-KX’ 
Q’ 1 

Starting with M,(a, + b,) = aA4, + bM, + abKM, and using a = a,/(1 + r,bK) 

(1 + r,bK)bM, + ba,KM, = M,(a, + b,)(l -t- r,bK) - a&, 

biU,+rIKM2b2+bu,KM3=iU,,,(ao+bo) +M,,,(ao+bo)rIbK-a,M, 
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rlKM2b2 + b( M, + a&M, -M,(a,+bo)r,K)-Mw(aofbo)+aoMl=O 

R = M, + a&M3 - M,(ao + b,)r,K 

Z= [R2 -4r,KM,(a,M,-M,(a,+ b,,))]“’ 

b= 
-R+Z 

2r&% 

243 

dR -= L[M2+aoKM3-M,(a,+bo)r,K] = -r,K(a,+b,,) dM, dM, 

dZ d -=- 
dM, dM, [(R2-4rlKM,(a,Ml-M,(o,+bo)))1’2] 

; 2R& = [ +4r,KM,(a,+b,) 
w 1 

Z 
= R( -+(a, + bo)) + 2MM2(ao + b,) I WW(~O + b,) - r,m(a, + b,) 

Z Z 

db (ao+bo) 
dM,= 2M2 ‘+ [ 

2M2-R 
Z = 2M2 1 

(ao+bo) I + Mz -a,% +Mw(ao + bo)r,K 
Z I 

da/dM, could be handled in a symmetric fashion with M2 being replaced by Ml; R by R’, and Z by Z’ 
where the parameters denoted by primes are symmetrical with the unprimed parameters. 
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